Cosmological constant from gauge fields on extra dimensions 
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We present a new model of dark energy which could explain the observed accelerated expansion 
of our Universe. We show that a five-dimensional Einstein- Yang-Mills theory defined in a flat 
Friedmann-Robertson- Walker universe compactified on a circle possesses degenerate vacua in four 
dimensions. The present Universe could be trapped in one of these degenerate vacua. With the 
natural requirement that the size of the extra dimension could be of the GUT scale or smaller, 
the energy density difference between the degenerate vacua and the true ground state can provide 
us with just the right amount of dark energy to account for the observed expansion rate of our 
Universe. 

PACS numbers: 98.80.Cq, 98.80.Es, 11.25.Mj, 11. 15. Ex 



It is now generally agreed that the biggest unsolved 
problem in astronomy and cosmology is the newly dis- 
covered fact that our Universe is undergoing a stage of 
accelerated expansion. Recent astrophysical and cosmo- 
logical observations such as structure formation, type la 
supernovae, gravitational lensing, and cosmic microwave 
background anisotropics have concordantly predicted a 
spatially flat universe containing a mixture of matter 
and a dominant smooth component, dubbed the "dark 
energy" , which provides an anti-gravity force to acceler- 
ate the cosmic expansion The simplest candidate for 
this invisible component carrying a sufficiently large neg- 
ative pressure for the anti-gravity is a true cosmological 
constant. Current data, however, are consistent with a 
somewhat broader diversity of such dark energy as long 
as its equation of state approaches that of the cosmolog- 
ical constant at a recent epoch. Many models have been 
proposed to account for this dynamical dark energy, in- 
cluding quintessential and k-essential models, modified 
gravity and scalar-tensor theories, and so on 2]. In these 
models, dark energy is characterized by an equation of 
state w{z) which is the ratio of its pressure and energy 
density at redshift z. The cosmological constant is indeed 
vacuum energy with w{z) — —1. Current observational 
data, when fitted to dark energy models with a static 
w, favor the so-called ACDM model with vacuum energy 
r^A = 0.7 and cold dark matter JIcdm — 0.3, while con- 
straining w = — 1.02^Q i[g at the 95% confidence level. 
Furthermore, joint constraints on both w{z) and its time 
evolution dw{z)/ dz at z = are consistent with the value 
of the equation of state expected of a static cosmological 
constant 3]. However, the data are not precise enough 
to pinpoint whether the dark energy is truly static or 
dynamical. Most hkcly, new kinds of measurements or 
next-generation experiments are needed to reveal the na- 
ture of dark energy. In this paper, we will address the 
dark energy problem by considering non-Abelian gauge 
theories on compact extra dimensions. 

Interest in theories of extra dimensions has been quite 
immense in recent years New models such as brane 
scenarios, large extra dimensions, and warped extra di- 
mensions have not only revolutionized the Kaluza-Klein 



theory, but also shed new light on some long-standing 
problems in particle physics and cosmology. Interest- 
ingly, theories with large extra dimensions can be even 
tested by future collider experiments. Recently cosmo- 
logical models involving extra dimensions have been con- 
structed to account for the current cosmic acceleration or 
to accommodate the dark energy Q . Here we shall show 
how a five-dimensional (5d) gauge theory based on the 
Hosotani symmetry breaking mechanism [3] could natu- 
rally give rise to a small but finite cosmological constant 
that plays the role of dark energy. 

The Hosotani mechanism is a non-Higgs-type 
symmetry-breaking mechanism which has been widely 
discussed in the literature Q. Its main idea is that in 
a multiply connected spacetime manifold, the vanishing 
of the field strength Fmn = of gauge fields Am in a 
vacuum does not necessarily imply the vanishing of the 
gauge fields, and Am will imply gauge symmetry 
breaking in general. The relevant order parameter is the 

path-ordered Wilson lines Un = Pexp^^^ AMdx^^, 

where C„ represent non-contractible loops in the mani- 
fold. If Un do not belong to the center of the group, then 
the original gauge group is broken to some subgroup 
that commutes with all [/„. This mechanism has been 
extensively employed in superstring phenomenology [1], 
and applied to Kaluza-Klein cosmology in connection 
with the problem of vacuum stability [9]. Recently, a 
new extranatural inflation model in which the inflaton 
is the fifth component of a gauge field in a 5d theory 
compactified on a circle was presented and it was 
shown that the fifth component may also be a good 
candidate for quintessence if the quintessential potential 
is provided by massive bulk fields with bare masses of 
order of the GUT scale [ll|]. 

In Ref. m , the authors considered a 5d Einstein- Yang- 
Mills theory, with massless fermions, defined in a flat 
Friedmann-Robertson- Walker universe compactified on a 
circle. The spacetime metric is given by 



ds^ 



QMNdx^ dx^ 
dt^ - a^{t)dx^ 



(M = 0,1,2,3,5) 
b^{t)dxl 
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and the action is consisted of gravity, SU (2) gauge fields, 
and a fermionic sector Lf which contains Nf massless 
gauged fermions and Uf massless free fermions: 

5 = - 1 d'x^/\^\ + ^TtFmnF''^ + Lf^ . 

(2) 

Here the gauge bosons and the fermions can be consid- 
ered as fields in some hidden sector of a grand unified 
theory. Dynamics of the gauge fields and the fermion 
fields here determines the stucture of the vacuum. The 
Casimir energy of the system was computed by evaluat- 
ing the one-loop effective potentials of the gauge fields 
and the fermions in the backgrounds defined by the met- 
ric (HI) and the classical gauge fields of the form 

A^^O, A5 = (j)it)a^ Ai-0,1,2,3, (3) 

where is the fifth component along the circle and a 
is the Pauli matrix. This amounts to a total effective 
potential of the system denoted by V{bRo, (j)), where Ra 
is the final radius of the circle, ft was shown that the 
Einstein's equations for a(t), b{t) and (f>{t), derived from 
the action ((2]), admit static vacuum solutions with stable 
compactification. These solutions with clq = bo — (f>o = 
are given by the global minima of V{bRo, (j)) determined 

by 

2g56oi?o0o = ^ (mod r), (4) 

where is the 5d SU (2) gauge coupling and r = 1 and 
r = 2 correspond respectively to periodic fermions in the 
adjoint and fundamental representations. In the case of 
adjoint fermions, the vacuum states correspond to C/(l) 
symmetry, hence SU (2) gauge symmetry is dynamically 
broken. For fundamental fermions the gauge symme- 
try is unbroken as the Wilson line is an element of Z2. 
To obtain a zero cosmological constant for these vacuum 
states, an appropriate number (jif) of free fermions with 
assigned boundary conditions along the circle has been 
chosen such that V{boRQ, (f>Q) = 0. A salient feature of 
this model is that only a small number of fermions is re- 
quired to stabilize the vacuum. In fact, Nf = 1 gauged 
fermion will sufhce to do the job. On the contrary, in 
the other Kaluza-Klein-type theories one usually needs 
to add a large number (of the order of 10"*) of matter 
fields for the same purpose. 

Now we turn to the dark energy problem. Naively, 
one would expect that the vacuum energy density p\ is 
of order Mp, where the reduced Planck mass is given 
by Mp = (87rG)-i/2 = 2.44 x lO^^GeV, since the 
Planck scale is the natural cutoff scale of zero-point en- 
ergies of each quantum field. But the observed value 
for the vacuum-like energy density is pA — 0-7 Pc — 
1.6/i2 X IQ-^^^Mj,, where h ~ 0.7 is the present Hub- 
ble parameter defined by Hq = 8.76h x 10'^^ Mp and 
so the naive estimate is larger than the observed value 
by a factor of 10^^°. Many solutions have been proposed 
about a vanishingly small cosmological constant in some 



ultimate ground state '12!. Here we assume that the cos- 
mological constant absolutely vanishes in a true ground 
state with lowest possible energy density. Then, we will 
show that the vacuum states in the model considered 
above are indeed metastable due to quantum tunneling 
effects and will eventually settle down to this true ground 
state. If the present Universe is still in one of these quasi- 
ground states, then the energy density difference above 
the true ground state can provide us with a small but 
finite cosmological constant. This idea has already been 
put forth by considering the topological vacua in a 4d 
SU{2) Yang-Mills-Higgs theory which is spontaneously 
broken to U{1) via the Higgs mechanism with a Higgs 
potential [l^ . Unfortunately, the existence of massless or 
light gauged fermions would suppress the tunneling [T^ 
and thus spoil the idea. Although the fermions can get 
masses via the Higgs mechanism, the Yukawa couplings 
are quite arbitrary and may be very small. In contrast, 
our scenario has new merits. Firstly, we do not need to 
introduce an ad hoc Higgs field, which is here replaced 
by the fifth component of the gauge field. Secondly, the 
gauge symmetry breaking needs not be introduced ar- 
bitrarily, but instead is determined dynamically by the 
Casimir energy of the non-integrable phase of the gauge 
field on the compact dimension through the Hosotani 
mechanism. Thirdly, the gauged fermions naturally get 
huge masses of order of the inverse of the size of the com- 
pact extra dimension. Lastly, the cosmological constant 
in our model, as we will show below, is naturally related 
to the size of the compact extra dimension. 

Without loss of generality, let us consider a universe 
corresponding to the vacuum state in the case of periodic 
fundamental fermions with 2(75i?o</'o — 1, where we have 
set ao = bo — I and r = 2 in Eq. ([4]). Presumably, the 
Universe has undergone the compactification of the circle 
with initial conditions at some early time U (for instance, 
given by a{ti), b{ti), and <j){ti) ~ 0), and rolls down the 
effective potential V to this vacuum state. The actual 
evolution is very interesting and it warrants a detailed 
study of the Einstein's equations. In fact, this scenario 
has been discussed in the context of the extranatural in- 
flationary model Here we only concern about the 
vacuum state and the dark energy problem. At energies 
below l/i?o> the 4d effective action for the zero Fourier 
modes of gauge fields in Eq. ([2]) is given by 

= - / (^TrF.^F^'' + Tri^^s^"^') • (5) 

Note that we have rescaled Am — / ^/2^rRo and = 
g4y/2TTRo, where g4 is the dimensionless 4d SU{2) gauge 
coupling. Since A^ is independent of X5 in the effective 
action, so 85 A — and F^^ reduces to the covariant 
derivative of A^. Hence, by rewriting A^ — we have 

5cT'° = / (^-^TiFf^.F^"^ + TriD^^)iD^'^)^ . 

(6) 
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This resembles the SU{2) Yang-Mills- Higgs system with- 
out a Higgs potential. Although the 5d gauge symmetry 
is unbroken for the vacuum states given by Eq. ji]), the 
fifth component obtains a non-zero vacuum expectation 
value ($) = 4>ocr^, where = l/(254i?o) M- Thus, the 
zero-mode gauge fields and gauged fermions acquire huge 
mass equal to l/(2i?o) 

In the case of periodic adjoint 
fermions, the system is spontaneously broken to U{1) by 
the Wilson loop along the small circle with ($) ~ 
where — l/(454-Ro) [§]■ Nevertheless, some fermion 
modes still remain massless [l^- Since these massless 
fermions suppress the vacuum tunneling , we will not 
consider this case. 

It is well known [3, that a non- Abelian gauge the- 
ory, such as that described by Eq. bears degener- 
ate perturbative vacua classified in terms of the winding 
number n and denoted by \n). Before we go on, we should 
emphasize that there are no instantons nor topological 
numbers for the 5d gauge fields in Eq. Even in the 
massless sector (given by Eq. ([6|)), we still do not have 
exact instantons but only "constrained ones" . However, 
these constrained instantons are sufficient in describing 
the tunneling phenomenon [l^, as we shall do in due 
course. Thus let us consider the 4d SU{2) Yang-Mills 
theory with gauge coupling g. While the degenerate 
vacua are each separated by an energy barrier, the change 
of the winding number can take place through quantum 
tunneling from one vacuum to another. As such, the true 
ground state, so-called the 9 vacuum, can be constructed 
as 



\9) = 



(7) 



where is a real parameter. Using the dilute instanton 
gas approximation [l^ , it was found that the expectation 
value of the Hamiltonian Ti. over the Euclidean spacetime 
volume VT is given by 



-So\n-\-n' i{n—n')6 



exp{2KVTe-'^°cos9), 



(8) 



where 5*0 = 87r^/g^ is the Euclidean action for an instan- 
ton solution which corresponds to the quantum tunneling 
from |n) to |n ± 1). Here i^T is a positive determinantal 
prefactor. Eq. ([5]) shows that the energy density differ- 
ence between each 9 vacuum and the perturbative vac- 
uum is given by 



'\pa\9) - {n\pA\n) = -2Ke-'^°cos9. 



(9) 



Therefore, the 9 vacuum with the lowest energy is given 
by 6* = 0. Let us assume that the 9 = vacuum is the true 
ground state where the vacuum energy vanishes. In fact, 
it has been proposed [l^ that the effect of wormholes [l^ 



drives the Universe to this CP-symmetric 9 = vac- 
uum state with zero cosmological constant. (More discus- 
sions about this can be found in Ref. [l^l and references 
therein.) Then, after normalizing {9 = OIpaI^* = 0) = 0, 
we find that the vacuum energy density in each pertur- 
bative vacuum is 



{n\pA\n) = 2Ke 



(10) 



This vacuum energy will manifest as a cosmological con- 
stant provided that we still live in one of these pertur- 
bative vacua. To guarantee this condition, the tunneling 
probability from any one of these perturbative vacua to 
the true ground state in the current horizon volume in 
the cosmic age must satisfy TH^"^ < 1, where T is the 
tunneling rate per unit volume per unit time given by 
r ~ pAe-^"} 

Unfortunately, for a pure SU{2) gauge theory which 
is scale- invariant, the size of the instanton p is arbitrary, 
and so the prefactor K which involves an integral over 
instanton sizes diverges as p goes to infinity. However, if 
the SU{2) gauge field is coupled to a Higgs scalar with 
isospin q and vacuum expectation value v, the quantum 
tunneling will proceed via a constrained instanton whose 
size is cut off at a scale [ll,[l7,]. The Higgs contribu- 
tion to the Euclidean action of the constrained instanton 
is approximately given by Sr = 'iTT^qp^v^ , rendering K a 
finite quantity. Including Nf gauged fermions with mass 
nif, we find that 



dp 



K = ^ / -^(m/p)^^' exp [-5"// + ci In(pu) -f C2 

r 

"(47r2g)(^/ 



" ■ ;^2„)(W,+ci-4)/2 \ ^ ) UJ ' ^ > 



where a = g^/(47r) is the gauge coupling strength at the 
energy scale w, ci = 20/3 — 2Nf/3, and C2 = 5.96 — 
0.367V/. Therefore (c.f. [l3|), if my = gv, we will have 



/ V N 



PA 

r 



where 



VL r[(iV/ + ci-4)/2] 
(47r2g)(^/+=i-4)/2 ■ 



(12) 
(13) 

(14) 



^ It has been proved [20| that the |n) vacua are not phys- 
ical because they do not satisfy cluster decomposition: 
(n|e-'^(^i+T2)|n -I- I/) = ^^(n|e-'^^i |p)(p|e-'^^2 |„ + jy) for 

large times Ti and T2. Here, however, the tunneling time is 
longer than the age of the Universe. So, observationally we 



have (n|e ^"^jp) 



tion, (n|e-'"('^i+^2)|„) = {n|e"^^i ln>(n|e 



which implies the cluster decomposi- 



-■HT2 



n). 
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The requirements that pA = 1.6/i^ x 10 ^"^^Mp and 
TH^'^ < 1 give 

2a V 8 y \MpJ 

-2ln(^j, (15) 
— > 1.45ai- — /Vc. (16) 

Aip 

For the minimal value of v in Eq. (|16p and /i = 0.7, we 
obtain a ~ 1/44.25. Let us assume that q = 1. Then, we 
havew ~ 3.8xl0i^GeVforiV/ = landw ~ S.SxlQi^GeV 
for Nf = 3. If we take v = Mp in Eq. (fT5|) . we will obtain 
a = 1/46.9 for A^y = 1 and a = 1/46.4 for iV/ = 3 

To apply the above results to our model ([6]), we make 
the replacements g = Qa and w = = l/(254i?o)- Thus, 
we find that i?Q > 4.1 x lO^^GeV, which indicates that 
the maximal size of the compact extra dimension is of the 
order of the GUT scale. This result is obtained without 
fine-tuning. The smallness of the cosmological constant 
is related to the tunneling rate between the various vacua 
of the theory which is also very tiny. This idea was first 
put forth generically in Ref. based on the Higgs mech- 
anism, but Eq. (|lip shows that the existence of massless 
or light fermions with <C w will suppress the prefac- 
tor K . Consequently, the \n) vacua do not satisfy clus- 



ter decomposition due to the chirality conservation [14| . 
Here we revolutionize the idea by replacing the Higgs field 
with the gauge field in the extra dimension through the 
Hosotani mechanism. The vacuum state is chosen by the 
minimum of the Casimir energy instead of the rather ad 
hoc Higgs potential. An important advancement is that 
the gauged fermions in our model naturally obtain a huge 
and definite mass given by mf = gv. To our knowledge, 
the Hosotani mechanism is the only way that does the 
job. 

In summary, we have constructed a new model of dark 
energy based on a 5d Einstein- Yang-Mills theory. The 
presence of dark energy comes out rather naturally in 
our model just from the assumption that there exist ex- 
tra dimensions. Symmetry breaking by the Hosotani 
mechanism and the constrained instantons related to the 
vacuum structure of the gauge field are both immediate 
consequences. As long as the size of the extra dimension 
is between the GUT and the Planck scales, the result- 
ing cosmological constant will then be just of the right 
amount to account for the dark energy content in our 
Universe. No other ingredients are needed to achieve 
this goal. 
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